When carrying out vibration health monitoring (VHM) of a structure it is usually assumed that the structure is in the absence of fluid interaction or that any environmental effects which can cause changes in natural frequency either remain constant or are negligible. In certain cases this condition cannot be assumed and therefore it is necessary to extract values of natural frequencies of the structure if it were in the absence of fluid interaction from those values measured. This paper considers the case of a thin circular plate in contact with a fluid cavity giving rise to strong structural/fluid vibration interaction. The paper details the free vibration analysis of the coupled system and through consideration of modal energy, illustrates how the affined modes of vibration of the plate and the fluid can be qualitatively described. The paper then describes a method by which the natural frequencies of the plate in the absence of fluid interaction can be obtained from those of the plate in interaction with the fluid.
INTRODUCTION
Vibration Health Monitoring (VHM) of structures is based upon monitoring aspects of the vibration signature of the structure and relating any changes in these to the introduction, or progression, of damage. Damage in a structure, which can be either concentrated (in the form of a crack) or distributed (corrosion, erosion), normally leads to alterations of the stiffness and/or mass, which in turn results in changes in the vibration response of structures. In order to perform successful VHM one has to extract damage sensitive features from the pure structural vibration response (removing the influence of any interacting environment, including the influence of a fluid cavity) [1] . For some structures the natural frequencies can be used as damage sensitive features provided they undergo sufficient changes with the introduction of damage [1] [2] [3] . Circular plates are simple structures which lend themselves well to VHM in the sense that their natural frequencies are affected by damage and thus can be used as a basis for damage detection. Another important condition for VHM is that any environmental effects such as temperature stressing and/or structural/fluid interaction remain constant or better still are not present since these effects alone can cause changes to the vibration signature and therefore obscure any changes due to defects in the structure. This paper details the development of a method for extracting the natural frequencies of the plate in the absence of fluid interaction (which can be then used as the basis of VHM) from those values obtained from the plate/fluid cavity coupled system. The paper commences by presenting a comprehensive analysis of the coupled free vibration of a circular plate in interaction with a fluid filled acoustic cavity. The analysis is based upon a similar analysis of a circular plate in interaction with a fluid cavity [4] which predicted natural frequencies of the coupled system that were in good agreement with values obtained using finite element analysis and experiments. The analysis is based upon the basic equations describing the free vibration of the plate and of the fluid which are then combined using the Galerkin approach. The analysis proceeds to establish the relative energy between the plate and fluid whilst in interaction and finally describes a method whereby the natural frequencies of the plate in the absence of fluid interaction can be extracted from knowledge of the natural frequencies of the coupled system together with known parameters of the fluid cavity.
BASIC ANALYSIS OF THE VIBRATION OF THE COUPLED SYSTEM.
The equation of motion, describing the free small axisymmetric lateral vibration, = (r, t), of a circular disc in interaction with an acoustic cavity, as shown in Figure 1 E is Young's modulus, μ is Poisson ratio and ρ d is the plate density; a and h are the radius and thickness of the plate, respectively; L is the depth of the cylindrical cavity and p is the acoustic pressure inside.
Now writing
where
is the natural mode shape of the disc in the absence of fluid interaction and χ s is a constant for that mode, generally referred to as the mode shape coefficient for the mode consisting s nodal circles. In this particular case, for a stressed disc clamped at the periphery, the mode shapes, ) r ( 
where s ξ are roots (values of s = 1, 2, 3 etc.) computed from the equation: For a particular mode of vibration for the disc in the absence of fluid interaction, i.e., substitute equation (2) into equation (1) with p = 0:
Therefore combination of equations (1) and (6) gives: 
The form of the acoustic pressure, p, acting on the disc will now be established by reference to the acoustic cavity. Consider the acoustic cavity shown in Figure 1 , whose velocity potential, φ = φ(x, r, t), is described by the equation
c is speed of sound. Now writing where =
and substituting equation (9) into (8) gives
where c a ω λ = and k is a constant. For the case where the right hand side of equation (10) is
Therefore the condition (11) has roots α q (q = 1, 2, 3 etc.), which satisfy the equation 0
Thus equation (9) becomes:
(12)
, the axial component of the velocity of the gas and the lateral velocity of the plate must be
Therefore combining equations (2) and (12) renders
Now using the orthogonal properties of the eigenfunction, 
Substituting equation (16) into equation (7) gives: 
Hence equation (17) can be re-written as
Equation (19) can be represented in matrix form as 
Hence values of η can be obtained (iterated upon) which renders the determinant of matrix (20) equal to zero. Consequently for each of these values (roots) of η the corresponding values of mode shape coefficients χ 1 , χ 2 , ……… χ n , can be obtained. The determinant of this matrix equation is obtained by performing the LU decomposition [7] , whereupon the value of the determinant is the product of the diagonal terms. Subsequently these root values of η which render the determinant zero are substituted back into equation (20) to obtain the corresponding values of the mode shape coefficients, s, (normalised to 1 in the first instance and then to the largest value) which describe which structural modes are present and dominate.
The parameters which will give rise to conditions of strong structural/fluid vibration interaction will now be developed and postulated. interaction. In such circumstances there is strong structural/fluid vibration interaction characterised by a region of "veering" whence at L = L c the strongly interacting system will exhibit two natural frequencies close to each other, in which one will be structural/acoustic (st/ac) and the other acoustic/structural (ac/st).
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Therefore for L = L c equating equations (5) and (22) gives,
For the purpose of defining an initial state of strong structural/acoustic interaction, the case where q = 1, i.e. q = 0 (zero radial component of fluid velocity) will be applied, whence, for strong interaction between the plate and the first axial mode of the gas (zero radial), renders the condition. Prior to examining the characteristics of the strongly coupled vibration modes associated with various combinations of s and m, the convergence of the analysis presented will be investigated. 
Convergence
For the convergence analysis consider a plate clamped around its perimeter. Furthermore the dimensions, c L are selected, in accordance with equation (24), such that strong coupling exists between the first natural frequency of the plate in the absence of fluid interaction (s=1) and the first axial natural frequency (m=1) of the completely bounded cavity. For such a case the value of c L is 6.7177. Accordingly, Table 2 Table 2 Convergence
From Table 2 , it is seen that convergence is extremely fast with respect to n; requiring only n = 6 for a fully converged result to 3 decimal places for these lower modes. Accordingly, forthwith n = 6 will be used throughout. It is noted that the first value of η is lower than 1 and the second one is higher. This is in accordance with the observation shown in Figure 2 at
Energy Analysis.
In this study, since in all cases we are dealing with some degree of structural/fluid vibration interaction, it would be erroneous to describe any mode of vibration as either purely a structural mode or an acoustic (fluid) mode. Rather reference will be made to the modes as either structural/acoustic (st/ac), to denote modes which are predominantly structural with acoustic interference, and likewise acoustic/structural (ac/st) to denote modes which are predominantly acoustic but with structural interference. In an attempt to quantify the degree of coupling and describe whether modes are mainly structural or fluid acoustic, attention will be drawn to the distribution of vibration kinetic energy between the structural and fluid components of the system. 
For the fluid the maximum kinetic energy, KE f , is calculated from; Consequently, using the above relative percentage energies, the characteristics of a circular clamped disc in strong interaction with an acoustic cavity as described are investigated. Consider the case where c L is 6.7177 which, as before, results in a condition of strong coupling between the first mode of the plate in the absence of fluid interaction (s=1), and the first (m=1) axial mode only of the fluid cavity if the plate is assumed rigid. In all cases the ratio of h a = 100 and we will only consider roots of the system matrix equation (20-21), η , up to those close to that corresponding to the third of the plate in the absence of fluid interaction, , equal to 9.439. Accordingly Table 3 list the non-dimensional frequency roots, Weakly coupled ac/st mode. Almost all fluid axial energy at q = 1, m ~ 9. Table 3 -Modes of free vibration of the plate/fluid interacting system with associated energy vectors. Table 3 lists details of all coupled modes of vibration up to around a frequency corresponding the 3 rd natural frequency of the plate in the absence of fluid interaction. From this table it is evident that the modal energy of the subsystems renders an excellent means of describing the degree of coupling and dominance of the structure or fluid. It is also interesting to note that for modes with a strong or moderate structural component, the vector of mode shape coefficients is very well defined. For example for the first two coupled modes (1 and 2) with frequencies around that corresponding to the first natural frequency of the plate in the absence of fluid interaction, ={1, 0, 0, ---} T and for mode 5 which is once again structurally dominant at a frequency close to that of the second natural frequency of the plate in the absence of fluid interaction, ={0, 1, 0, 0, 0, ----} T .
On the other hand, for modes of a strong acoustic nature, such as modes 3 and 4 in Table 3 , it is observed that the vector indicates significant contributions from more than one structural mode, e.g., mode 4 where ={1, -1, 0, 0, -} T . This observation of the form of the vector for modes with a strong or moderate structural energy component will be seen to be important when considering the inverse problem, i.e., the problem of being able to extract the natural frequencies of what the plate would be in the absence of fluid interaction, 
THE INVERSE EXTRACTION PROBLEM.
In the foregoing analysis known values of the structural natural frequencies together with the parameters of the fluid cavity were used as the input to computed values of natural frequencies of the structural/fluid coupled system and corresponding vector of structural mode shape coefficients from which the relative levels of vibration kinetic energy were obtained for the structure and the fluid. As was seen from Table 3 a significant difference occurs between the natural frequencies of the coupled system, where there is significant relative vibration energy associated with the structure, and the natural frequencies of the structure in the absence of fluid interaction. In such modes however it was observed that the vector of mode shape coefficients, , was well defined with a single unity at the structural mode in question and zeros for all other components. This, as will be seen, is very important with respect to solving the inverse problem. In structural modal analysis and vibration-based damage detection it is the values of the structural natural frequencies alone, , which are of importance. Accordingly, in the case where the structure is in interaction with a fluid cavity (as is the case here), accepting the coupled natural frequencies obtained from experiments upon the coupled system to being sufficiently accurate estimates to the structural natural frequencies, could have grave consequences and give erroneous information. Accordingly, the inverse problem in this case is defined as extracting the structural natural frequencies, Fr re eq qu ue en nc cy y r re es sp po on ns se e o of f p pl la at te e i in n i in nt te er ra ac ct ti io on n = where 
is diagonal matrix containing values of the non-dimensional natural frequencies of the structure alone. Now introducing the matrix B as 
Now recalling that at coupled natural frequencies which are characterised by significant vibration energy of the structure around natural frequencies which are close to those of the structure in the absence of fluid interaction, the vector of mode shape coefficients, , is shown to be well defined with a single unity at the structural mode in question and zeros for all other components to within 3 decimal places. Upon that basis, and from matrix equation (31) above: Table 1 .
The second example will consider the case where damage to the plate is simulated by assuming that the values of s ξ have all been reduced by 10%.
Plate with no defect.
The above inverse methodology will first be tested by considering the coupled modes labelled + in Table 3 (modes 2, 5 and 14). In these cases it can be seen from Table 3 that these modes are those in which there is the highest proportion of structural vibration energy for each of the first 3 normal modes of the structure. Therefore, for these modes, Table 4 tests the above inverse methodology by computing these first three natural frequencies of the plate in the absence of fluid interaction from equation (32) and comparing these values to those presented in Table 1 for the plate having no defects and used in equations (20) and (21) for the purpose of computing the respective value of . Table 4 demonstrates the accuracy of the above inverse methodology to obtaining the structural natural frequencies from values of natural frequencies of the coupled system together with predetermined physical parameters of the structure and the acoustic cavity.
Plate with defect.
This case will test the inverse methodology by considering the case where the plate has some defect(s) such that its in the absence of fluid interaction natural frequencies, s ξ , have all been reduced by 10%. In this case, once again, it will be assumed that such defect(s) do not incur significant change to the contents of the matrix K of equation (28). Therefore, the same form of the eigenfunction, equation (3) of equation (21) and the inverse process described in Section 3.1 is repeated. In addition, in order to arrange that there will exist strong coupling between the first modes of the plate and fluid cavity as with the examples so far, for this case the non-dimensional depth of the fluid cavity is, from equation (24) Table 5 Comparison for a plate with defect reducing natural frequencies, s ξ , by 10%.
From Table 5 it is seen that the method performs extremely well for the case where the plate has defect(s) giving rise to reductions in natural frequency from the undamaged plate values, and the matrices K and B from equations (28) and (29) respectively are generated using the eigenfunctions of equation (3) for the plate in the undamaged state.
CONCLUSIONS.
A method has been developed to estimate the natural frequencies of a circular plate in the absence of fluid interaction from the values of the natural frequencies of the vibrating interactive system, plate in interaction a fluid cavity, of which details of the fluid sub-system are known. These estimates extracted were found to be in extremely close agreement with the exact theoretical values. The extraction of the pure structural natural frequencies (removing the influence of any interactions of the structure with the environment) is a very important condition for the development of
